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A bstr a et
T he c o n v e rge n c eof s equ e n c e s, which is ta ught in a
n e a rly stage of a c alc ulu s
cla s sin u niv e r sitie s, 1S m o r e O rles squ alitative, a
nd in o rde rto de epenthe stude nts
.
u nde r sta nding of the s ubje ct, a mo r equ a ntitativ e a spe ct se e m sto ha v eto be de a
lt
with in the clas s. In this n ote w ein v e stigate s u ch a n a spe c
tfo r a specific ex a mple,
which s e em sto be n e wto the best of o ur kn o wledge .
The w ell- kno w nWallis fo r m ula r epre s e nting t
he cir c ula r c o n sta nt 打 a S alimi七 of ra -
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工n this n ote w e study the qu a ntitativ e n atu r e o
f the c o n y e rgen ce Of the s equ e n c ein the
right
-ha nd side, a nd w e sho w that a slight
variatio n of the sequ e n c eyields a m o r e r ap
id
co n v e rge n c eto 7T.
For any r e al n u mbe r x 之 O put
LCxl -
A







T he n 川 m e a n sthat tim LCOl - 冗 , a nd cle a rly, fo r any x 之 0,
TI--ナC Q




The c a se x - 1 ノ 4 is sho w nto be pec ulia rto the c o n v e rge n c ein く2lこ
T H E O R E M. As a tends to inj盲nity, w eha v e
Lく1ノ 4l - 7T 十 0くn-21
くi. e. , s up暮n




Lくxl - 方 十 0くn
l l,
but
Lくxl 手 7T+ 0く乃lト リ if x 事 1 ノ 4 a nd 8 ン 0 .
く31
Pr o of. Note fir st that e a ch fu n ctio nfnくxj, a - 1 , 2 , I . . , X 之 0, is m o n ot n ede c re a sing
a nd that tw o pla n e c u r v e sy
- Lくxう a nd y - A. 1くxl ha v e a u niqu e point of inters e ctio n,
who s e x- c o o rdin ate is de n oted by x . . T he n xn - くn + 1 1J,C4 n + 3I, a nd by g
.
raphic al
c o n side r atio n w e c a n che k the follo w l ng こ
x
n ン x n 十 1 fo r alln and lim x 凡 - 1ノ 4 .
n
- ■C O
Lくxlン L..1くxlif 0 Sx 蛋 l ノ 4 a nd
fAくxI S A. ,くxl くL. 2くx,く . . . ifx 云 x . .













工t follo w sfr o mく21 a nd く7lthatfAく1ノ 41 ン7Tン Lくxnl a nd he n c e, in vie w of く8,,
0 く n2Unく1 ノ 4つ - 7rl く n2くょく1ノ4l - LくxJl
1
- n
2 . 丑二三 . LClノ 4l -
x 九 + a




flく1 ノ 41 1
4く2 n + 112 5くn + 2-ll2
t
which im plie sく31.
If O 蛋x く 1ノ 4 , the n again by く21 a nd く71, Lくxl ン2TB Lくxnl, a nd
O く nくエくx ト 7tl く nくムくxl - LくxAll
- くx. - xJf.くxl ノく1 + xn nー 11,
n
l 十 eくLくxl 00 2rl ンn l
+ EU.くxl - Lく1ノ 41l
- n
eくく1 ,J 4l - xILくxl ノく1 + く4nll l.
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The Orde r of Co n v e rge n c ein Wallis
.
Fo r m ula
The s ein equ alities sho
w く41 a nd く51in c a s e0 i x く 1ノ 4 1
Ifx ン 1 J, 4 , then LCxl く 方 く fnく1 ノ 41, and the follo wing in eq
u alitie s c o mplete the
pro of
二
o く nく7E-Lくx11く nくムく1ノ 4 トムくxll
ニ くx - く1 ノ 411Lく1ノ 41ノく1 + x n-り,
n
l 十 eく花 - Lくxつlン n
l + eくLくxn トLくxll
- n
eくx - x nlLくxつノく1 + xnn-
1l.
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